The second-order realizable ? moment advection scheme developed in is extended to the case of unstructured grids with cells of arbitrary shape. The necessary modifications to the scheme and the conditions under which the scheme ensures the realizability of the advected moment set are presented. The implementation of the scheme in the OpenFOAM® CFD toolbox is verified comparing the results obtained in one-dimensional test cases involving moment sets well inside the moment space, and at the boundary of the moment space. Results obtained with the proposed scheme are compared to the corresponding analytical solution. The scheme is then tested considering twodimensional cases of pure moment advection with an imposed irrotational velocity field. First, a quadrilateral grid is considered to determine the order of the scheme and compare it to the results reported in Laurent and Nguyen (2017) with the same grid resolution. Then, the accuracy of the scheme on two-dimensional triangular grids is determined.
2 problems involving the evolution of a distribution function. Notable examples of equations describing this evolution are the population balance equation [2, 3] , the Boltzmann [4, 5] , the Boltzmann-Enskog [2] , the Fokker-Planck and Kolmogorov [6] [7] [8] equations, in addition to several others. These equations can be written in compact form as
where ( , , ) is the distribution, is the position vector, is the vector of internal coordinates specific to the problem (e.g. size, composition, velocity, charge…), is the velocity and contains other terms depending on the evolution equation for under consideration.
Moment methods [9] [10] [11] consist in deriving partial differential equations (PDEs) for the spatiotemporal evolution of a finite vector of moments of the distribution function characteristic of the problem under consideration, in order to reduce the dimensionality of the problem and, consequently, make it computationally more treatable. This is achieved by applying the definition of moment of
to both sides of Eq. (1.1), which leads to conservation equations for the quantities … , which are the moments about the origin of . The PDEs obtained in this way are then discretized on the domain of interest and solved numerically, typically using the finite-volume method [12, 13] . The literature reports many example applications where moment methods were used [9, 10, , including applications to aerosols [11, 17, 18] , gas-particle flows [37, 44, 45] , gas-liquid flows [22, 22, 39, 46] , combustion [27, 43, 47] , sprays [24, 32, 35, 48] and radiation transport [14] , to mention a few. In this work we focus on the transport of moments of a univariate distribution, where contains only one scalar positive quantity, as it happens in the solution of population balance equations describing the evolution of the particle size in a particle population.
A key difficulty in formulating numerical methods for the solution of PDEs describing the evolution of a moment vector is the discretization of the advection term. As illustrated by Wright [49] , this difficulty consists in preserving the moment realizability 2 , which is systematically compromised if classical discretization schemes, different from first-order upwind, are used to discretize the advection 3 term [49] . The first-order upwind scheme, while used in most of the applications of moment methods found in the literature in order to avoid compromising moment realizability, is too dissipative, and requires extremely refined grid resolutions to achieve satisfactory results, seriously compromising the feasibility of simulations in applications involving large-scale domains or large gradients of the transported moment vector. Wright [49] examined several solutions to the problem of moment corruption due to advection, including the adoption of augmented schemes for vector transport, the transport of surrogate quantities related to the moment vector that needs to be advected, of quadrature weights and abscissae associated to the moment set in certain quadrature-based moment methods [50] , and moment correction algorithms [49, 51] . This latter approach consists in replacing the compromised moment vector with a valid one, obtained either by removing negative second-order differences [3] or enacting an optimization procedure to identify a moment vector that maximized ln [51] .
Kah et al. [32] developed a second-order realizable advection scheme for moment vectors of distribution with compact support, suitable for structured grids, in cases with moment vectors in the interior of the moment space. In their approach, instead of performing a direct spatial reconstruction of the moment vector of interest, the corresponding vector of canonical moments is considered. The boundedness of the canonical moments, which are necessarily positive scalars defined over ]0, 1[ is leveraged to formulate a limiter which ensures not only the boundedness of the numerical solution, but also the realizability of the vector of transported moments under a condition on the integration time step. The resulting scheme was applied together with adaptive mesh refinement in [52] .
Vikas et al. [53] proposed a quasi-high-order realizable advection scheme in the context of quadraturebased moment methods. In their scheme, which was formulated on unstructured grids, the advection term is computed as a function of the quadrature approximation of the NDF [3, 11] , using a MUSCLtype limited scheme for the reconstruction of the quadrature weights and a first-order upwind scheme for quadrature abscissae. The scheme ensures moment realizability if a condition on the integration time-step is satisfied. However, the formal order of accuracy of the scheme is limited by the first-order reconstruction of the quadrature abscissae. Vikas et al. [54] proposed a realizable scheme for diffusion problems, always in the context of quadrature-based moment methods. This numerical scheme, which requires a CFL-like condition to ensure the realizability of the moment vector, was successfully applied to the transport of moment vectors of a regular NDF and of a bimodal NDF, with moments possibly at the boundary of the moment space. In both cases the scheme has shown the capability of preserving the realizability of the advected moment vector, while maintaining its accuracy.
The nature of the scheme and, in particular, the version of this scheme called simplified scheme by Laurent and Nguyen [1] , makes it an ideal candidate for its extension to unstructured grids with cells of arbitrary shapes because the scheme relies on a traditional MUSCL reconstruction, and only requires a local additional limitation to be applied to the reconstructed quantities on cell faces. The extension of this scheme to unstructured grids and its implementation into the OpenFOAM framework [56] are the topics of this article, the remainder of which is organized as follows: in Sec. 2 the problem of moment transport is introduced. The simplified scheme for hexahedral structured grids of Laurent and Nguyen [1] is summarized in Sec. 3. Its generalization to unstructured grids with cells of arbitrary shapes is discussed in Sec. 4. Finally, the same one-and two-dimensional test cases used by Laurent and Nguyen [1] are used in Sec. 5 to verify the implementation of the numerical scheme, using hexahedral uniform grids. Then, the two-dimensional cases are repeated using a triangular grid, and the order of accuracy of the simplified scheme on unstructured grids is assessed.
Moment transport and moment advection
The focus of the present work is on the pure advection problem of a moment vector N = ( 0 , … , N−1 ) associated to a measure with support over ℝ + , with a known velocity field , according to the set of equations
The solution of Eq. (2.1) is non-trivial because the numerical schemes used to discretize the time derivative and the divergence term need to guarantee the moment vector N remains realizable. This condition can be expressed through a set of non-linear relationships the components of N need to satisfy. These conditions are represented, for moments associated to a measure with support on ℝ + , through the Hankel determinants [57, 58] :
Necessary and sufficient condition for N to be in the interior of the moment space is that 2 > 0 and 2 +1 > 0. Moreover, when N is at the boundary of the moment space, some of these Hankel determinants are null.
A discussion on realizable time integration schemes can be found, for example, in [53] . Since the focus of this article is on advection schemes, it suffices to remember that any time-integration scheme convex combination of explicit Euler steps is realizable under some restriction on the integration time step.
As anticipated in the introduction, the objective of this article is to extend the second-order realizable advection scheme of Laurent and Nguyen [1] where is the vector normal to the surface of the cell face , belonging to cell , with magnitude equal to the surface area of the cell face | | and pointing outward of the cell, and is the reconstructed value of at the same face.
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A procedure needs to be developed to compute the moments ,own, and ,nei, to ensure the realizability of the advected moment vector N because, as discussed in the introduction, conventional finite-volume advection schemes, relying on reconstructions of order higher than one, do not guarantee the realizability of the transported moment set [49] .
The simplified advection scheme
This section summarizes the realizable simplified advection scheme [1] , which represents the foundation of the scheme for unstructured grids subject of the present work. This scheme was developed for one-dimensional problems with uniform spatial discretization and extended to multiple dimensional problems with Cartesian grids through dimensional splitting. Only the one-dimensional scheme is presented here.
In the simplified scheme, the moment vector N is advected by considering the auxiliary vector
where 2 and 2 +1 are the Hankel determinants in Eq. (1.2).
These quantities are efficiently calculated using the QD algorithm [57] , the Chebychev algorithm [1] or the Wheeler algorithm [59] . The adoption of the last two approaches is particularly convenient in the context of quadrature-based moment methods because the coefficients required to calculate the quantities correspond to the coefficients of the recurrence relationship of the orthogonal polynomials used to determine the quadrature formula.
Once the vector N−1 has been defined, the simplified advection scheme consists of the following steps:
1. The zero-order moment 0 is advected using a conventional MUSCL scheme with the minmod limiter.
2. The values of are reconstructed at each side of each cell face using the same MUSCL-type reconstruction as for 0 , which ensures the positivity of the quantities is preserved.
3. An additional limitation is conditionally applied to the slopes used to perform the reconstruction at the previous point, if needed to ensure the realizability of the advected 7 moment set. This additional limitation is defined based on the realizability of the moment vector [1, 60] 
where is the moment vector at the cell center, + and − are the moment vectors The scheme summarized above was proven [1] to preserve the realizability of the advected moment vector if the time step is adapted to maintain the value of the CFL number below 1/3, while converging to second-order accuracy with a sufficiently refined spatial discretization.
The extension of the simplified scheme to unstructured grids requires the generalization of the definition of * in Eq. (3.2), and of the CFL condition, which is expected to become a function of the number of faces of the grid cell.
Generalization to unstructured grids
The generalization of the simplified scheme to unstructured grids is achieved in this work by considering a co-located grid arrangement, where all the variables are stored at cell centroids, with the exclusion of the values at the boundary of the computational domain, where values are stored at face centroids. This approach is illustrated, for example, in Ferziger and Peric [13] , and was adopted in the computational toolkit [56, 62, 63] used in this work.
In order to evaluate the advection term considering the grid arrangement described above, values of 8 the velocity and of the advected quantities need to be known at cell faces. The reconstruction of the advected scalars, moments in our case, is illustrated in Sec. 4.1, following the approach implemented into OpenFOAM [56, 62] , based on the work of several authors [64] [65] [66] [67] [68] [69] [70] and summarized by Darwish and Moukalled [71] .
Reconstruction on unstructured grids
Let us consider a generic advected quantity whose value, stored at the centroid C of a generic cell of the computational mesh, is indicated with C . The value of reconstructed on the cell face f is [67, 71] 
where ℒ( f ) is the limiter function, which depends on the ratio [71]
with ≥ 0 for TVD schemes [71] .
In these expressions, D represents the downwind value at the center of the neighbor cell sharing face f with the cell whose center is situated in C. The vector CD joins the centers C and D of the same two neighbor cells. The definition of the limiter function for a minmod limiter is [66, 71] :
The evaluation of the gradient of over the cell C in Eq. (4.2) is detailed in Darwish and Moukalled [71] . A second-order least-squares method is used in this work to ensure accuracy on grids with cells of arbitrary shape and non-uniform spatial distribution.
Additional limitation for moment sets at the boundary of the moment space
The condition in Eq. If the number of realizable moments in * is smaller than the number of realizable moments in the cell, an additional limitation needs to be applied to the reconstructed values of the quantities. The procedure is analogous to the one described in [1] , which is summarized here in a slightly modified fashion to clarify the details of its implementation into OpenFOAM.
While not strictly necessary, the reconstructed values ,f at cell faces are decomposed, for convenience in the implementation, into the value obtained from a first-order reconstruction ,f,up , and into a high-order correction ,f,h.o. This correction is then multiplied by a coefficient ,f ∈ [0, 1], which is the limiter that needs to be determined to ensure the realizability of the advected 10 moment set:
The value of ,f is found by considering the values of the limiters determined based on the owner and the neighbor cell of face f, and taking their minimum:
,f = min( ,own , ,nei ). In each cell, the value of the limiter , is determined as follows:
1. Set , = 1. where c is the cell volume, the flow velocity at the cell face with surface , belonging to cell c, and Δ is the time step. Using the same notation, the maximum value of the time step to ensure moment realizability is defined by the condition
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where the minimum function on the right-hand side of Eq. (4.9) is introduced to account for the different number of faces cells may have in unstructured grids. This is proven by considering the moment vector N, at time , and integrate it according to Eq. is obtained, which, applied to each value of and leads to Eq. (4.9).
It is worth observing that the definition in Eq. (4.9) automatically includes faces internal to the computational domain and faces lying on the boundary. Consequently, no special consideration for boundary conditions where the flux is imposed is needed to correctly define the maximum CFL required to ensure moment realizability.
The condition in Eq. In comparison, the upwind scheme ensures realizability of the advected moment vector if [54] Δ ≤ Δ .
(4.18)
Test cases

One-dimensional advection of moments well inside the moment space
The first test case for the implementation of the numerical scheme consists in a one-dimensional advection problem on [0,1] with periodic boundary conditions and with constant velocity equal to = (1, 0, 0). The considered moment set, used as initial condition for the test case, is in the interiod of the moment space and defined through the following auxiliary functions:
( ) = 3.5 + 1.5 sin 2 , (5.1) ( ) = 3.5 − 1.5 cos 2 ,
which allow the values of the initial moments to be computed as ( ) =̃( )Θ( ).
(5.5)
The solutions obtained considering eight moments with 50, 100, 500 and 1000 uniformly distributed cells, after two flow-through times, are reported in Fig. 1 . It is possible to observe from Fig. 1(a) that the grid resolutions of 50 and 100 cells are not sufficient to accurately preserve the moments because of the numerical diffusion caused by coarse grid resolution. However, the realizability of the moment set is preserved. The accuracy of the results significantly improves in the case of a grid resolution of 500 cells (Fig. 1(c) ), which allows the analytical solution to be reproduced nearly exactly. The solution obtained on the grid with 1000 cells (Fig. 1(d) ) is visually indistinguishable from the one calculated on The logarithm of the error is reported as a function of the logarithm of the grid size ℎ = Δ in Fig. 2, which illustrates that the second order of accuracy of the advection scheme is recovered for all the moments of the transported moment vector. Numerical values of the errors reported in Fig. 2 are shown in Table 1 .
The test case presented in this section serves as preliminary verification of the implementation of the simplified scheme into OpenFOAM. However, the additional limitation of the quantities was not triggered while performing the simulations required to produce the results in Fig. 1 . Therefore, a different test case was considered to also examine this aspect of the implementation of the scheme, as Fig. 2 and corresponding 
One-dimensional advection of moments at the boundary of the moment space
The second test case considers moments of a bimodal NDF, which can be at boundary of the moment space. The initial condition is defined with the help of three weight functions, whose value depends on the position in the computational domain as indicated in Eqs. (5.7) -(5.9). With these definitions, the value of the initial moments is found according to the expression:
where ,1 = 0.02. The same cases considered in Sec. 5.1 were repeated with the initial condition defined by Eq. (5.12) .
The comparison of the numerical solution and the exact solution is reported in Fig. 3 . Similarly, to what is observed in the case of the moments of a regular NDF, also in the case of the moments of the bimodal distribution, the grid resolutions of 50 and 100 cells do not allow to exactly preserve the moments, which are satisfactorily preserved on the grid with 500 and 1000 cells. However, the scheme ensures the realizability of the transported moment vector. 18
The behavior of the error, defined by Eq. (5.7) , in the case of the bimodal NDF is reported in Fig. 4 and the corresponding numerical values are shown in Table 2 . Table 2 : Numerical values of the errors reported in Fig. 4 and corresponding order of the reconstruction of each moment. The chart shows that nearly second-order accuracy is achieved for low-order moments. However, the intervention of the additional limiter on the quantities impacts the accuracy of high-order moments.
In any case, the order of accuracy of the scheme remains higher than one in all the cases considered in this test, which represents an extreme condition, with moments close to the boundary of the moment space. 
Two-dimensional advection of moments of a regular NDF
The implementation of the second-order moment-preserving scheme was tested in a twodimensional case considering a computational domain defined as [0, 0.5] × [0, 0.5], with a steady
Taylor-Green velocity field defined as:
= (sin 2 cos 2 , − cos 2 sin 2 ) (5.13)
The velocity on cell faces, needed to evaluate the advection flux, was computed by linearly interpolating the velocity field defined in Eq. (5.13) onto the cell faces. The initial value of the moments was defined as follows: 
Calculations on quadrilateral grids
The case illustrated in this section was simulated considering five grid resolutions with increasing level of refinement, respectively with 64, 128, 256, 512 in each spatial direction, with a maximum CFL number of 0.2. Results showing the predicted zero-order moment at = 0.8 are shown in Fig. 5 .
It is apparent from Fig. 5 that the numerical solution obtained on the two finest grid resolutions with 20 256 2 and 512 2 cells, do not show significant differences. However, to provide a quantitative measure of the accuracy of the zeta scheme, and to validate its implementation into OpenFOAM in comparison to [1] , the order of accuracy of the scheme is quantified numerically by taking the solution obtained on a uniform quadrilateral grid with 1024 2 cells as reference. The graph of the error is reported in Fig.   6 (numerical values in Table 3 ), which shows that the slope of the error curves tends to 2 for higher grid resolutions, with a reduction of the formal of order of accuracy for moments of higher order. Table 3 : Numerical values of the errors reported in Fig. 6 and corresponding order of the reconstruction of each moment. The time evolution of the first-order moment of the NDF and of the value of the corresponding limiter 0,c are reported in Fig. 7 .
It is observed that previously illustrated by the numerical study of the order of the scheme (Fig. 6 ).
Calculations on triangular grids
The two-dimensional case presented in this section was also considered to establish the accuracy of the advection scheme on triangular grids. Four grids were considered in these simulations, whose
properties are summarized in Table 4 . The value of the grid spacing ℎ was calculated according to [72] , as ℎ = √ 1 ∑(Δ ), (5.19) where Δ is the area of each cell polygon. 
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The contour plots of the zero-order moment obtained with the scheme on the triangular grids at = 0.8s, are reported in Fig. 8 , which shows the results are visually identical to those obtained on quadrilateral grids and reported in Fig. 5 .
The behavior of the formal order of accuracy of the simplified scheme on triangular grids is shown in Fig. 9 (numerical values in Table 5 ), which shows comparable trends for all the moments to those observed on quadrilateral grids (Fig. 6) , with the second-order accuracy recovered on the finest grids, for the lower-order moments.
Comparison of first-order scheme and simplified scheme
Results obtained with the first-order scheme on a quadrilateral grid are shown in Fig. 10 to highlight the significantly higher dissipation introduced by the first-order scheme, typically used for moment transport to avoid compromising the realizability of the advected moment vector. Table 5 : Numerical values of the errors reported in Fig. 9 and corresponding order of the reconstruction of each moment. The difference between the first-order scheme and the second-order zeta scheme is further highlighted in Fig. 11 , where the zero-order moment obtained at = 0.8s on a grid with 128 2 cells with the two methods is compared. The results obtained with the simplified scheme clearly shows the reduced dissipation compared to the results obtained with the first-order scheme.
(a) (b) (c) Fig. 10 : Zero-order moment field at t = 0.8 on a quadrilateral grid with (a) 128 2 , (b) 256 2 and (c) 512 2 cells -First-order scheme. Similarly to what done for the quadrilateral case, the time evolution of the first-order moment of the NDF is shown in Fig. 12 , where the fields of 1 at different times appear to be identical to those shown in Fig. 7 for the quadrilateral case. However, a more careful examination of the behavior of the moment limiter 0,c shows that the region of the computational domain where the limitation is applied is larger for the case with triangular grid compared to the quadrilateral case. Several cells on the front of the region where 1 ≠ 0 are affected by the limitation, while, in the quadrilateral case, a smaller number of cells with 0,c ≠ 1 is observed. The last snapshot ( Fig. 12(d) ) also shows a small number of cells where 0,c = 0.5.
Two-dimensional advection of moments of a bimodal NDF
The simplified scheme is applied in this section to the case transport of moments of a bi-modal NDF in two dimensions. Only one triangular grid (Grid B in Table 4 ) is considered.
The initial conditions for the moments are obtained using Eq. Finally, it should be noted that the limitation applied to the second-order moment happens in some additional cells, compared to what shown in Fig. 13 . This is shown, for example, in Fig. 14 (b) , which shows the second-order moment for the case of the bimodal NDF and the corresponding value of the limiter 1, used in the simplified scheme. The limiter is similarly applied to the third-order moment.
(a) (b) (c) (d) 
Conclusions
The second-order realizable simplified scheme proposed in Laurent and Nguyen [1] was extended to unstructured grids and implemented into the computational framework OpenQBMM [73] , an extension for OpenFOAM [63] that implements quadrature-based moment methods. The implementation was verified by considering first two one-dimensional cases, the first involving moments of a regular NDF and the second where moments of a bimodal NDF are transported.
The proposed implementation of the scheme into OpenQBMM was able to reproduce the results for the same cases reported in Laurent and Nguyen [1] , showing convergence to second-order accuracy with grid refinement. The scheme was further verified on a two-dimensional case with uniform hexahedral discretization where the first four moments of a regular NDF are transported. Also in this case, results from Laurent and Nguyen [1] were satisfactorily reproduced. Finally, the same twodimensional case considered for verification on hexahedral grids was used to establish the accuracy of the scheme on triangular grids. The simplified scheme was able to reproduce the results and the behavior of the error affecting the solution observed on hexahedral grids also on triangular grids. Future work will consider the development of realizable numerical schemes for multivariate problems, where closure is provided by the conditional quadrature method of moments [74] .
Source code and test cases
The source code of the OpenQBMM framework [73] used to perform the calculations described in contains the test cases presented in the article.
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